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Theory Balance model

Figura: Schematic diagram of balance model.
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Theory Balance model

Figura: "Ignoring"the length dimension in our model.
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Theory Balance model

∂

∂t
f (v , t) =

1
2

ˆ v

0
B(w , v − w)f (v − w , t)f (w , t)dw

− f (v , t)
ˆ ∞

0
B(v ,w)f (w , t)dw − ∂G(v , cCa)f (v , t)

∂v

− 4
dt

L(v)f (v , t) + H(cCa)δ(v − α(cCa)),

(1)

and (calcium) concentration balance equation

∂cCa(t)
∂t

= −1
Γ
ρ

ˆ ∞
0

G(v , cCa)f (v , t)dv−1
Γ
ρα(cCa)H(cCa)− 4

dt
JCaCO3(cCa).

(2)
The mass deposition rate is then a function of f (v , t) and cCa

∂mx (t)
∂t

= πdtρ

ˆ ∞
0

vL(v)f (v , t)dv + πdt ΓJCaCO3(cCa), (3)



5

Theory Balance model

Figura: Schematics of physico-chemical phenomena included in the model

What is not included : Scale removal.
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Theory Balance model

Figura: Schematic diagram of the steps involved at each time step
calculation of the ODE.
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Theory Balance model

Ca2+ + CO3
2− ↔ CaCO3 (aq)

Ca2+ + HCO3
− ↔ CaHCO3

+

Ca2+ + H2O↔ CaOH+ + H+

HCO3
− + CO2 ↔ H2O + H+

CO3
2− + H+ ↔ HCO3

−

H+ + OH− ↔ H2O.

(4)

Other reactions appears when considering more elements.

K =
(γA1cA1)a1 . . . (γAmcAm )am

(γB1cB1)b1 . . . (γBncBn )b1
, (5)

Models for activity coefficients γ: Extended Debye-Huckel, Pitzer.
Closing equations: for bulk, electroneutrality and mass balance.
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Theory Balance model

At equilibrium:
Ksp = γCa2+cCa2+γCO3

2−cCO3
2− . (6)

Driving force for precipitation

S =
γCa2+cCa2+γCO3

2−cCO3
2−

Ksp
. (7)
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Theory Balance model

Equilibrium equations

ξm
i1 Cm

i1 + . . .+ ξm
iQ Cm

iQ ↔ ξm
j1 Cm

j1 + . . .+ ξk
jQ Cm

jQ . (8)

Ionic deposition equilibrium

JD
Ca2+ − JR

CaCO3
−

∑
m;A∈LHS(m)

ξm
A JS

m +
∑

m′;A∈RHS(m′)

ξm′
A JS

m′ = 0

JD
CO3

2− − JR
CaCO3

−
∑

m;B∈LHS(m)

ξm
B JS

m +
∑

m′;B∈RHS(m′)

ξm′
B JS

m′ = 0

JD
Cn
−

∑
m;Cn∈LHS(m)

ξm
Cn

JS
m +

∑
m′;Cn∈RHS(m′)

ξm′
Cn

JS
m′ = 0, n ≥ 3.

(9)
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Theory Balance model

Figura: Schematic of the ionic deposition model.
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Theory Balance model

[
IN R S

]  JD

JR
CaCO3

JS

 = 0, (10)

R =


−1
−1
0
...
0

 Sn,m =


−ξm

Cn
, Cn ∈ LHS(m)

ξm
Cn
, Cn ∈ RHS(m)

0,otherwise
. (11)

Letting V := [v1 . . . vN−M ] basis of N (ST ),

VT [INR]

[
JD

JR
CaCO3

]
= 0. (12)

Chemical equilibrium closes the system.
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Theory Balance model

Conservation of calcium (Ca) and carbon (C)

N∑
i=1

χ
(Ca)
i JD

Ci
= JR

CaCO3

N∑
i=1

χ
(C)
i JD

Ci
= JR

CaCO3
;

(13)

conservation of every non-precipitating element Ej :

N∑
i=1

χ
(Ej )

i JD
Ci

= 0; (14)

Conservation of electroneutrality

N∑
i=1

ziJD
Ci

= 0. (15)



13

Theory Balance model

JR
CaCO3

= kr ,dKsp(Ss − 1), (16)

Ss =
γ

(s)

Ca2+c(s)

Ca2+γ
(s)

CO3
2−c(s)

CO3
2−

Ksp
(17)

kr ,d (T ) = k (0)
r ,d exp

−E (0)
r ,d

RT

 , (18)
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Theory Balance model

DT (y) =
bturb

Sct

u3
?

ν2 y3, (19)

∂

∂y

(DCi + DT (y))
∂c(i)

Ci

∂y

 = 0, (20)

JD
Ci

= (DCi + DT (0))
∂c(i)

Ci

∂y
∣∣
y=0 = ki,d (cCi − c(s)

Ci
), (21)

ki,d =
3
√

3b1/3
turb

2πSc1/3
t

(
DCi

ν

)2/3

u?, (22)
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Theory Balance model

For particle deposition, we consider that particles are deposited due to
diffusion (turbulent diffusion and Brownian diffusion). We do not have
a working model for turbophoresis at this moment.

∂

∂y

(
(DBr + DT (y + r))

∂nv

∂y

)
= 0, (23)

L0(v) =

(ˆ ∞
0

dy
DBr + DT (y + r)

)−1

, (24)

DBr =
kbT
6πµr

, (25)

DT (y) =
bturb

Sct

u3
?

ν2 y3, (26)
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Theory Balance model

Considering hydrodynamic interaction and potential forces

vΦ(y) = − DB

kbT
∂Φ

∂y
. (27)

∂

∂y

(
DB + DT (y + r)

Gd (y)

∂n
∂y
− vΦ(y)

Gd (y)
n
)

= 0. (28)

L(v) =

(ˆ ∞
0

Gd (y)

DB + DT (y + r)
exp

(
−
ˆ y

∞

vΦ(s)

DB + DT (s + r)
ds
)

dy
)−1

(29)
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Theory Balance model

We relate L(v) and L0(v)

L(v) =
L0(v)

1 + (ω1 + ω2)L0(v)
, (30)

ω1 = −
ˆ δw

0

1
DB + DT (y + r)

dy (31)

ω2 =

ˆ δw

0

Gd (y)

DB + DT (y + r)
exp

(
1

kbT

ˆ y

δw

∂sΦ(s)

1 + kL(s + r)3 ds
)

dy . (32)

δw = 5
ν

u?
(33)
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Theory Balance model

Hydrodynamic potential

Gd (y) = 1 +
r
y

+ 0.128
√

r
y
, (34)

Potential forces

Φ(y) = ΦVdW (y) + ΦDL(y), (35)

ΦVdW (y) = −HA

6

(
2r(y + r)

y(y + 2r)
− log

(
y + 2r

y

))
(36)

ΦDL(y) = ε3Ψ2r log

(
1 + exp

(
− y
λD

))
, (37)
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Theory Balance model

H = A exp

(
−∆G∗

kbT

)
, (38)

d∗ =
4Vmσa

kbT log S
. (39)

∆G∗ = ∆G(d∗) =
16
3

πσ3
aV 3

m
(kbT log S)2 . (40)

A = 2
(π

6

)5/3 D

V 5/3
m

. (41)

D =
kbT

3πµd∗
. (42)
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Theory Balance model

G(v , cCa) = JCaCO3VMπr2. (43)

JD
Ci

=
DCi

r
.(cCi − c(s)

Ci
) (44)

JCaCO3 =
kr ,g

VM
(
√

Ss − 1)2. (45)
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Theory Balance model

B(v ,w) = BBr (v ,w) + BT (v ,w) (46)

BBr ,0(v ,w) =
2kbT

3µ

(
2 +

( v
w

)1/3
+
(w

v

)1/3
)
. (47)

BBr (v ,w) =
BBr ,0(v ,w)

WBr (r̂)
(48)

BT ,0(w , v) = cturb
3

4π

(εd
ν

)1/2 (
v1/3 + w1/3

)3
, (49)

BT (w , v) =
BT ,0

WT (r̂)
σ

(
−2

dv

η

)
σ

(
−2

dw

η

)
, (50)
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Experiment

Pipe diameter c0
Ca c0

Cl c0
Na

11.2 mm 28 mM 56 mM 75 mM

Tabela: Common conditions for all experiments element concentrations at
the pipe inlet and pipe diameter.
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Experiment

Tag Fl. rate (l/h) U (m/s) pH tank Na cC (mM) T (C)
A1

300 0.877

8.85 67.18 25.2
A2 8.88 66.73 25.2
A3 8.94 65.79 22.0
AM - 66.57 24.2
B1

450 1.315
8.98 65.13 22.6

B2 9.00 64.79 22.6
BM - 64.57 22.6
C1

600 1.754

8.42 71.97 25.3
C2 8.52 71.09 25.5
C3 8.47 71.55 25.2
CM - 71.54 25.3

Tabela: Description of each experiment by differentiated initial conditions.
Here, "M"stands for "model", and the numbered tags stands for experiments.
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Experiment
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Experiment
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Experiment
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Experiment
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Experiment
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Experiment
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Exploration

Pipe diameter Flow velocity c0
Cl c0

Na
11.2 mm 0.877 m/s 56 mM 75 mM

Tabela: Common parameters in all our explorations.

Temperature c0
Ca c0

C
25 ◦ C 28 mM 68 mM

Tabela: Default parameters in our explorations, where variations are
compared to.
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Exploration
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Exploration

Figura: Carbon variation
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Exploration

Figura: Calcium variation
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